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GEOMETRIC DESINGULARIZATION OF CURVES
IN MANIFOLDS ∗) ∗∗)
STANISŁAW ŁOJASIEWICZ
1. Introduction
The article does not pretend to any originality. In the literature there exists a
number of descriptions of desingularizations in the case of curves. Deciding for this
description the author think it is worth looking in details into this fascinating topic
in an easily accessible case, namely – in the effects of multi blowings-up for curves
in manifolds and for coherent sheaves on 2-dimensional manifolds.
All the needed facts from analytic geometry can be find in the author’s books
[L1], [L2].
2. The canonical blowing-up of Cn at 0
The blow-up of Cn at 0 is
Π = Πn = {(z, λ) : z ∈ λ} ⊂ Cn × P, P = Pn−1.
Taking the inverse atlas for Cn × P
γk : Cn × Cn−1 3 (z, w(k)) 7→
(z,C(w1, ..., 1
(k)
, ..., wn)) ∈ Cn × {P \ P({zk = 0})) = Gk, k = 1, ..., n,
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(that is γk = (idCn)× (inverse mapping to the k-th canonical map on P)), we have
the inverse images of Π
Γk = γ−1k (Π) = {(z, w(k)) : z ∈ C(w1, ..., 1, ..., wn)} =
{
(z, w(k)) : z(k) = zkw(k)
}
;
they are graphs of the polynomial mappings (zk, w(k)) → zkw(k), whence Π ⊂
Cn × P is an n-dimensional closed submanifold, (γk)Γk : Γk → Π∩Gk – its inverse
maps (they give an inverse atlas on Π); composing them with biholomorphisms:
(zk, w(k))→ (zkw1, ..., zk, ..., zkwn, w(k)) (domains onto the graphs of the preceding
polynomial mappings) we obtain an inverse atlas on Π
(∗) χk : Cn 3 (zk, w(k))→ (zkw1, ..., zk, ..., zkwn,C(w1, ..., 1, ..., wn)) ∈ Π ∩Gk.
The canonical projection p : Π → Cn is called the canonical blowing-up. The
fiber S0 = p−1(0) = 0 × P (biholomorphic to P) is called the exceptional set (the
exceptional submanifold); ΠCn\0 is the graph of the holomorphic mapping Cn \0 3
z → Cz ∈ P, whence pCn\0 : ΠCn\0 → Cn \ 0 is a biholomorphism. Hence the
blowing-up p : Π→ Cn is a modification of Cn at 0. The inverse image p−1(E) of
a set E ⊂ Cn in the k-th coordinate system (∗) can be expressed by
(∗∗)
{
χ−1k (p
−1(E)) = (p ◦ χk)−1(E) where
p ◦ χk 3 (zk, w(k))→ (zkw1, ..., zk, ..., zkwn) ∈ Cn.
In particular χ−1k (S0) = {zk = 0}.
The restrictions pΩ : ΠΩ → Ω, where Ω is an open neighbourhood of 0 at Cn,
are called the local canonical blowings-up.
3. The blowing-up of a manifold at a point
LetM be an n-dimensional manifold and a ∈M . A blowing-up ofM at the point
a is a holomorphic mapping of manifolds pi : M¯ →M such that piM\a : M¯\pi−1(a)→
M\a is a biholomorphism and for an open neighbourhood U of a, the mapping piU is
isomorphic to a local canonical blowing-up pΩ i.e. we have a commutative diagram
pi−1(U) p−1(Ω)
U Ω
φ¯
φ
piU pΩ
-
-
? ?
for some biholomorphisms φ : U → Ω, φ(a) = 0 and φ¯ : pi−1(U) → p−1(Ω).
(Notice that U and Ω can be abitrarily diminished). pi is a proper mapping (because
piM\a and piU are proper). The fiber S = pi−1(a), biholomorphic to P, is called
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the exceptional set (the exceptional submanifold) of the blowing-up. Thus pi is a
modification of M at a.
The existence of blowing-up. We take a chart (a coordinate system) at a: φ :
U → Ω, φ(a) = 0, and define M¯ as a gluing-up of piΩ with M\a by the biholomor-
phism (φU\a)−1 ◦ pΩ\0 : ΠΩ\0 → U\a. (Its graph is closed in ΠΩ × (M\a) because
φ−1 ◦ pΩ is a closed set in ΠΩ ×M and
(
φ−1 ◦ pΩ) ∩ (ΠΩ ×M\a) = φ−1U\a ◦ pΩ\0).
So we have the identifying biholomorphisms h0 : ΠΩ → D0, h1 : M\a→ D1, where
Di ⊂ M¯, i = 0, 1, are open sets, M¯ = D0 ∪D1 and h−11 ◦ h0 = φ−1U\a ◦ pΩ\0. Hence
h−11 (D0) = U\a (the domains of both sides) which implies h1(U\a) ⊂ D0. Next
g = φ−1 ◦p◦h−10 : D0 →M contains (h−11 )D0 , and hence pi = h−11 ∪g : M¯ →M is a
holomorphic maping. Then piM\a = h−11 (because h
−1 ⊃ φ−1 ◦ pΩ\0 ◦ h−10 = gM\a)
is a biholomorphism on the image. At last, φ ◦piU ⊃ φ ◦ g ⊃ pΩ ◦h−10 which implies
the equality, because the domains are equal (pi−1(U) = h−11 (U\a) ∪ D0 = D0),
whence the above diagram is commutative with φ¯ := h−10 .
Remark 1. Obviously, if G is an open neighbourhood of a at M then pi : M¯ →M
is a blowing-up at a if and only if piM\a is a biholomorphism and piG is a blowing-up
at a.
Proposition 1. If h : M → N is a biholomorphism of manifolds, h(a) = b,
pi1 : M¯ →M is a blowing-up at a, pi2 : N¯ → N a blowing-up at b, then there exists
a biholomorphism h¯ : M¯ → N¯ such that the diagram
(#)
M¯ N¯
M N
h¯
h
pi1 pi2
-
-
? ?
is commutative
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Dowód. Choosing by definition: φ : U → Ω and φ¯ - for pi1, and ψ : V → ∆ and ψ¯ -
for pi2, such that h(U) = V, we have a commutative diagram
pi−11 (U) pi
−1
2 (V )
p−1(Ω) p−1(∆)
Ω ∆
U V
h′
α¯
α
hU
piU1 p
Ω p∆ piV2
φ¯ ψ¯
φ ψ
-
-
-
-
? ?
? ?
@
@
@@R
 
 
 
 
 
 
  	
@
@
@
@I
where α := ψ ◦ hU ◦ φ−1, and it suffices to complement it by biholomorphisms:
α¯ : p−1(Ω)→ p−1(∆) and h′ := ψ¯−1 ◦ α¯ ◦ φ¯. Then in the commutative diagrams
pi−11 (U) pi
−1
2 (V )
U V
h′
hU
piU1 pi
V
2
-
-
? ?
pi−11 (M\a) pi−12 (N\b)
M\a N\b
h′′
hM\a
pi
M\a
1 pi
N\b
2
-
-
? ?
where the biholomorphism h′′ is defined by the remaining arrows (which are bi-
holomorphisms), the biholomorphisms h′ and h′′ give rise to a biholomorphism
h¯ = h′ ∪ h′′ : M¯ → N¯ . In fact, it suffices to find a holomorphic mapping α¯ :
p−1(Ω) → p−1(∆) such that p∆ ◦ α¯ = α ◦ pΩ (i.e. the commutativity of the inner
rectangle) and a similar holomorphic mapping β¯ : p−1(∆)→ p−1(Ω) for α−1, since
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then we obtain the commutative triangle
p−1(Ω) p−1(Ω)β¯ ◦ α¯
p∆pΩ
Ω
 
 
 
 
 	
@
@
@
@
@R
-
which implies β¯ ◦ α¯ = idp−1(Ω) (because we have the equality on the dense set
p−1(Ω)\S0), and similarly α¯◦ β¯ = id p−1(∆). Obviously it suffices to find α¯ (because
the construction of β¯ is analogous) for sufficiently small Ω and ∆.
According to the Hadamard Lemma (since α(0) = 0) one can choose neighbour-
hoods Ω,∆ such that α = (α1, ..., αn), αi(z) =
n∑
j=1
aij(z)zj and det aij(z) 6= 0 in Ω.
Define a(z, w) = (
n∑
j=1
a1j(z)wj , ...,
n∑
j=1
anj(z)wj) in Ω×Cn; then a(z, z) = α(z) and
a(z, w) 6= 0 for w 6= 0. Hence we may define a holomorphic mapping a¯ : Ω × P 3
(z,Cw)→ (α(z),Ca(z, w)) ∈ ∆×P. Since a¯(z,Cz) = (α(z),Cα(z)) for z ∈ Ω\0 and
a¯(0 × P) ⊂ 0 × P, then we have the holomorphic restriction α¯ = a¯ΠΩ : ΠΩ → Π∆,
and hence p∆(α¯(z,Cz)) = α(z) = α(pΩ(z,Cz)) for z ∈ Ω\0, that is p∆ ◦ α¯ = α ◦ pΩ
by density of ΠΩ\0 in ΠΩ. 
4. The proper inverse image
Let pi : M¯ → M be a blowing-up at a point a ∈ M . The proper inverse image
(by pi) of a set V ⊂M closed in a neighbourhood of a (i.e. V ∩U is a closed set in
U for some neighbourhood U of a) is defined by
V¯ = the closure of the set pi−1(V \a) = pi−1(V )\S in pi−1(V ).
(It is obtained from the set pi−1(V )\S by adding to it its accumulation points
belonging to S). If V is analytic in a neighbourhood of a then V¯ is analytic in
a neighbourhood of the exceptional set S (since pi−1(V ) and S are analytic in a
neighbourhood of S). Obviously
pi−1(V ) = V¯ ∪ S.
If U is an open neighbourhood of a, then the proper inverse image of the set V ∩U
is V¯ ∩pi−1(U). If W ⊂ V then W¯ ⊂ V¯ , and if V =
k⋃
i=1
Zi, then V¯ =
k⋃
i=1
Z¯i, (provided
W,Zi are closed in a neighbourhood of a). If D ⊃ V is an open neighbourhood of
a then V¯ is the proper inverse image of V if and only if it is the same by the
blowing-up piD.
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In Proposition 1 the biholomorphism h¯ sends the exceptional submanifold pi−11 (a)
onto the exceptional submanifold pi−12 (b), and the proper inverse image of V onto
the proper inverse image of h(V ).
The proper inverse image of a linear subspace L ⊂ Cn of dimension k by the
canonical blowing-up is L¯ = {(z, λ) ∈ L × P(L) : z ∈ λ}; it is a submanifold of
dimension k and pL¯ : L¯ → L is a blowing-up at 0. (For taking an isomorphism
χ : L→ Ck we have the commutative diagram
L¯ Πk
L Ck
ψL¯
χ
pL¯ pk
-
-
? ?
where ψ = χ × χ′ : L × P(L) → Ck × Pk, χ′ : P(L) 3 λ → χ′(λ) ∈ Pk are
biholomorphisms and ψ(L) = Πk).
5. The transversality
Proposition 2. If M is a linear space of dimension n then linear subspaces
L1, ..., Lr ⊂ M intersect transversally (in M) if and only if in some linear co-
ordinate system in M it is
Li = {zυ = 0, υ ∈ Ii}, where I1, ..., Ir ⊂ {1, ..., n} are disjoint.
Dowód. The sufficiency is obvious because codimLi = #Ii. Conversely, if Li inter-
sect transversally, then the sum
∑
L⊥i = (
⋂
Li)⊥ is direct because dim
∑
L⊥i =
codim
⋂
Li =
∑
codimLi =
∑
dimL⊥i . Hence there exists a basis φ1, ..., φn of
the dual space M∗ such that {φυ : υ ∈ Ii} generate L⊥i where Ii ⊂ {1, ..., n} are di-
sjoint. Then Li = {φυ = 0, υ ∈ Ii}, that is Li = {zυ = 0, υ ∈ Ii} in the coordinate
system φ = (φ1, ..., φn) (because φ−1({zυ = 0, υ ∈ Ii}) = Li). 
Corollary 1. If Li, i ∈ I, intersect transversally and J ⊂ I, then also Li, i ∈ J,
intersect transversally. If I∩J = ∅ and Li, i ∈ I∪J, intersect transversally then so
do
⋂
I
Li and
⋂
J
Li. If L1, ..., Lr, T intersect transversally then so do L1∩T, ..., Lr∩T
in T .
Proposition 3. If M is a manifold of dimension n, then submanifolds N1, ..., Nr
intersect transversally at a point a ∈ ⋂Ni if and only if there exists a chart (a
coordinate system at a) φ : U → Ω, φ(a) = 0, such that φ(Ni ∩U) = Ti ∩Ω, where
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Ti ⊂ Cn are subspaces that intersect transversally, so it may be
Ti = {ui = 0}, where z = (u1, ..., ur, v) ∈ Cn = CI1 × ...× CIr × CJ .
Dowód. The sufficiency is clear. For the necessity we may assume M = Cn, a = 0
and T0Ni = Ti as above. Then there exists an open neighbourhood U = Ω1 ×
... × Ωr × ∆ of the origin in Cn and functions εi(u(i), v) with values in CIi , ho-
lomorphic in Ui = Ω1 × ...(i)... × Ωr × ∆, such that d0εi = 0 and Ni ∩ U =
{ui = εi(u(i), v), (u(i), v) ∈ Ui}. After shrinking U the mapping φ : U 3 z →
(u1−ε1(u(1), v), ..., ur−εr(u(r), v), v) ∈ Ω is a biholomorphism onto a neighbourho-
od Ω of the origin and hence Ni∩U = φ−1(Ti) which implies φ(Ni∩U) = Ti∩Ω. 
Corollary 2. If submanifolds Ni, i ∈ I, intersect transversally at a point a and
J ⊂ I, then so do the submanifolds Ni, i ∈ J . If I ∩ J = ∅ and submanifolds
Ni, i ∈ I ∪ J , intersect transversally at a then so do the submanifolds
⋂
I
Ni and⋂
J
Ni.
Corollary 3. If submanifolds Ni intersect transversally then N =
⋂
Ni is a sub-
manifold and codimN =
∑
codimNi.
We say submanifolds Ni of a manifold M are mutually transversal in an open
set G ⊂ M , if Ni ∩ G are closed and for each a ∈ G submanifolds Ni containing
a intersect transversally at a. Notice that if subspaces of a linear space intersect
transversally then they are mutually transversal in this space (by Corollary 1 and
from the fact that if subspaces intersect transversally, then they intersect transver-
sally at each point of their intersection). Hence (by Proposition 3)
Corollary 4. If submanifolds Ni intersect transversally at a ∈
⋂
Ni, then they are
mutually transversal in a neighbourhood of the point a.
6. The effect of blowing-up
Let M be a manifold of dimension n and let pi : M¯ → M be a blowing-up at
point a ∈M, and S = pi−1(a) ⊂ M¯ – the exceptional set.
Proposition 4. If Γ ⊂ M , Γ 3 a, is a submanifold of dimension s then its
proper inverse image Γ¯ ⊂ M¯ is a submanifold of dimension s which intersects S
transversally and the submanifold Γ¯∩S is biholomorphic to Ps−1. Then piΓ¯ : Γ¯→ Γ
is a blowing-up at a with the exceptional set Γ¯ ∩ S.
Dowód. The set Γ¯\S = pi−1(Γ\a) is a submanifold of dimension s and (piΓ¯)Γ\a :
Γ¯\S → Γ\a is a biholomorphism. Let us take a chart φ : U → Ω, φ(a) = 0, such that
φ(Γ∩U) = L∩Ω, where L = {z1 = ... = zr = 0} (r = n−s). It suffices to show the
proposition for piU and Γ∩U because then the proper inverse image of Γ∩U, that
is Γ∩pi−1(U), will be a submanifold (of dimension s) and (piU )Γ¯∩pi−1(U) = (piΓ¯)Γ∩U
will be a blowing-up at a, whence Γ¯ will be a submanifold and piΓ¯ a blowing-up at
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a (see Remark 1). According to Proposition 1, it suffices to prove the proposition
for pΩ, L∩Ω and 0. Since the proper inverse image of L∩Ω is L¯∩p−1(Ω), where L¯
is the proper inverse image of L by p, and (pΩ)L¯∩p−1(Ω) = (pL¯)L∩Ω, then it suffices
to prove the proposition for p, L and 0. But L¯ is a submanifold of dimension s,
pL¯ : L¯→ L is a blowing-up at 0 and L¯ ∩ S0 = 0× P(L) (see Section 4). It remains
to prove the transversality. We have (see (∗∗) in Section 2)
χ−1k (p
−1(L) =
{ {zk = 0} if k ¬ r
{zk = 0} ∪ {w1 = ... = wr = 0} if k > r,
so by χ−1k (S0) = {zk = 0} it is
χ−1k (L¯) =
{ ∅ if k ¬ r
{w1 = ... = wr = 0} if k > r,
whence (Proposition 2) the transversality of the intersection of L¯ and S0 follows.

Proposition 5. If submanifolds Γ1, ...,Γr ⊂ M intersect transversally at a and
Γ¯1, ..., Γ¯r are their proper inverse images then Γ¯1, ..., Γ¯r, S are mutually transversal
in a neighbourhood of S. If additionally Γi intersect transversally then the proper
inverse image of Γ =
⋂
Γi is Γ¯ =
⋂
Γ¯i.
Dowód. If U is an open neighbourhood of a then the proper inverse image of Γi∩U
(Γ∩U) is Γ¯i∩pi−1(U) (Γ¯∩pi−1(U)). By Propositions 3 and 1 it suffices to consider
the canonical blowing-up p and Γi = Ti = {zυ = 0, υ ∈ Ii}, Ii disjoint (by the fact
Γ¯\S = ⋂(Γ¯i\S)). Let T¯i denote the proper inverse image of Ti. We have (see (∗∗)
in Section 2)
χ−1k (p
−1(Ti) =
{ {zk = 0} if k ∈ Ii
{zk = 0} ∪ {wυ = 0, υ ∈ Ii} if k /∈ Ii,
so
χ−1k (T¯i) =
{ ∅ if k ∈ Ii
{wυ = 0, υ ∈ Ii} if k /∈ Ii,
which implies (Proposition 2) that T¯i, ..., T¯r, S are mutually tranversal in Π. If T¯
is the proper inverse image of T =
⋂
Ti then T = {zυ = 0, υ ∈ I}, where I =
⋃
Ii,
and in the same way
χ−1k (T¯ ) =
{ ∅ if k ∈ I
{wυ = 0, υ ∈ I} if k /∈ I,
so χ−1k (T¯ ) =
⋂
χ−1k (T¯i), whence T¯ =
⋂
T¯i. 
Let C(a) = C(a,M) denote the set of curves Γ ⊂ M (i.e. local analytic subsets
of constant dimension 1) such that a ∈ Γ and the germ Γa is irreducible. Then
(6.1) C(a) =
∞⋃
p=1
Cp(a),
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where Cp(a) = Cp(a,M) denotes the set of curves Γ in C(a) having, in some coor-
dinate system φ in a (i.e. φ is a chart such that φ(a) = 0), the form (that is φ(Γ)
is a set of the form)
(6.2)
{
z1 = tp
v = c(t)tq
|t| < σ,
where v = (z2, ...zn), q ­ p, and c is a holomorphic function in {|t| < σ} (σ > 0).
(For it is of the form {f(t) : |t| < σ}, where f is a holomorphic mapping, a
homeomorphism onto its image, f(0) = 0; it is f(t) = g(t)tp, p ­ 1, g(0) 6= 0, and
after changing the system of coordinates one may have g1(0) 6= 0; then g1 = γp
with γ holomorphic in a neighbourhood of the origin, γ(0) 6= 0, and it suffices
to change the parameter putting τ = γ(t)t in a neighbourhood of the origin). In
particular, C1(a) is the set of all curves Γ 3 a smooth at a.
A set Γ0 of the form (6.2) (without any restriction on q) is always a curve in Cn
having its germ irreducible at 0. (For the mapping {|t| < σ} 3 t → (tp, c(t)tq) ∈
{|z1| < σp} ⊂ Cn is proper). Let us notice that replacing σ by 0 < σ¯ < σ we
obtain an open neighbourhood of 0 in Γ0 (precisely Γ0 ∩ {|z1| < σ¯p}). If 0 < q < p
and c(0) 6= 0 then Γ0 ∈ Cq. In fact, if for example c2(0) 6= 0 then (changing the
parameter to τ = tγ(t), where γq = c2) for sufficiently small ε, a neighbourhood
Uε of the origin and holomorphic bi, the sets Γε = {z1 = tp, v = c(t)tq, t ∈ Uε} =
{z2 = τ q, zi = bi(τ)τ q, i 6= 2, |τ | < ε} are neighbourhoods of 0 in Γ0. But Γε0 ⊂
Γ0 ∩ {|z1| < σ0} ⊂ Γε for some σ0, ε0 > 0, hence Γε0 is an open set in Γε and so in
Γ0.
It is
(6.3) Cp(a) = C1(a) ∪
⋃
Cp,q(a),
where Cp,q(a), q > p is not divisible by p, is the set of all the curves in C(a) that
have the form (6.2) in some coordinate system at a, where c(0) 6= 0. In fact, if in
(6.2) we have v =
∑
cpνt
pν then the curve (6.2) is smooth (it suffices to change
the parameter to τ = tp). In the remaining cases v = aptp + ... + akptkp + c(t)tq,
where c(0) 6= 0 and pk < q < p(k + 1), and it suffices to replace the coordinates to
z′1 = z1, v
′ = v − apz1 − ...− akpzk1 (it is a biholomorphism of Cn onto Cn).
Let us notice that if a curve Γ 3 a is smooth at a, then its proper inverse image
Γ¯ intersects S at a unique point: Γ¯ ∩ S = {a¯} and in a transversall way.
Proposition 6. Let Γ be a curve in Cp,q, p > 1. Then its proper inverse image
Γ¯ is a curve and Γ¯ ∩ S = {a¯}; if q > 2p then Γ¯ ∈ Cp,q−p(a¯), and if q < 2p then
Γ¯ ∈ Cq−p(a¯).
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Dowód. We may restrict considerations to the canonical blowing-up (a = 0) and Γ
of form (2), where c(0) 6= 0 and |c(t)| ¬M . Then (see (∗∗) in Section 2)
χ−11 (p
−1(Γ)) = {z1 = tp, z1w(1) = c(t)tq, |t| < σ}
= {z1 = 0} ∪ {z1 = tp, w(1) = c(t)tq−p, |t| < σ},
and for k > 1
χ−1k (p
−1(Γ)) = {zkw1 = tp, ..., zk = ck(t)tq, ..., |t| < σ}
⊂ {zk = 0} ∪ {|zk|q−p|w1|q ­M−p}.
Hence
χ−11 (Γ¯) = {z1 = tp, w(1) = c(t)tq−p, |t| < σ} ∈
{ Cp,q−p(0) if q > 2p
Cq−p(0) if q < 2p
and χ−1k (Γ¯) ∩ χ−1k (S) = ∅ for k > 1. Then Γ¯ ∩ S = {a¯}, where a¯ = χ1(0), and
Γ¯ ∈ Cp,q−p(a¯) if q > 2p, and Γ¯ ∈ Cq−p(a¯) if q < 2p. 
Smooth curves Γ1,Γ2 3 a are tangent of order p at a if in some (and then in each)
coordinate system φ at a in which they are topographic: φ(Γi) = {v = gi(z1), z1 ∈
Ui}, the function g2 − g1 has a zero of order p at 0.
Proposition 7. Let smooth curves Γ1,Γ2 3 a be tangent of order p at a, and let
Γ¯1, Γ¯2 be their proper inverse images. If p > 1 then Γ¯1 ∩ S = Γ¯2 ∩ S = {a¯} and
Γ¯1, Γ¯2 are tangent of order p− 1 at a; if p = 1 then Γ¯1 ∩ S 6= Γ¯2 ∩ S.
Dowód. We may restrict considerations to the canonical blowing-up (a = 0) and
Γ1 = {v = 0, |z1| < σ}, Γ2 = {v = c(z1)zp1 , |z1| < σ}, c is a holomorphic mapping,
c(0) 6= 0, |c(z1)| ¬ M . Then (see (∗∗) in Section 2) χ−11 (p−1(Γ1)) = {z1 = 0} ∪
{w(1) = 0, |z1| < σ}, χ−11 (p−1(Γ2)) = {z1 = 0} ∪ {w(1) = c(z1)zp−11 , |z1| < σ} and
χ−1k (p
−1(Γi)) ⊂ {|zk| ¬ M |zkw1|p} ⊂ {zk = 0} ∪ {|zk|p|w1|p−1 ­ 1/M} for k > 1.
Hence χ−1k (Γ¯i) ∩ χ−1k (S) = ∅ for k > 1 and χ−11 (Γ¯1) = {w(1) = 0, |z1| < σ} and
χ−11 (Γ¯2) = {w(1) = c(z1)zp−11 , |z1| < σ}. So if p > 1 then Γ¯1 ∩ S = Γ¯2 ∩ S = {a¯},
where a¯ = χ1(0), and Γ¯1, Γ¯2 are tangent of order p− 1 at a¯. If in turn p = 1 then
Γ¯1 ∩ S = {χ1(0)} and Γ¯2 ∩ S = {χ1(0, c(0))}. 
A smooth curve Γ 3 a is tangent of order p at a to a submanifold N 3 a if it is
tangent of order p at a to a smooth curve Γ0 = N ∩ L, where L is a submanifold
of dimension codimN + 1 transversal to N and containing a neighbourhood of a
at Γ.
Proposition 8. Let a smooth curve Γ 3 a be tangent of order p at a to a subma-
nifold N 3 a; let Γ¯, N¯ be their proper inverse images and let Γ¯ ∩ S = {a¯}. If p > 1
then a¯ ∈ N¯ and Γ¯ is tangent of order p− 1 at a¯ to N¯ ; if p = 1 then a¯ /∈ N¯ .
Dowód. One can assume that the submanifold L contains Γ, is transversal to N
and the smooth curve Γ0 = N∩L is tangent of order p at a to Γ. So, we have L¯ ⊃ Γ¯,
L¯ is transversal to N¯ and Γ¯0 = N¯ ∩ L¯ is a smooth curve (Proposition 5). According
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to Proposition 7: if p > 1 then Γ¯ and Γ¯0 are tangent of order p− 1 at a¯, so a¯ ∈ N¯
and Γ¯ is tangent of order p− 1 at a¯ to N¯ ; if p = 1 then N¯ ∩ L¯∩ S = Γ¯0 ∩ S = {c¯},
c¯ 6= a¯, but a¯ ∈ L¯, so a¯ /∈ N¯ . 
7. Geometric desingularization of a curve in a manifold
Let M be a manifold. We say an analytic subset V ⊂M is a normal crossing sub-
set if irreducible components of its germs Va, a ∈ V , are germs of smooth hyper-
surfaces intersecting transversally at a. In particular such sets are:
Sets of type τ : they are unions of smooth compact hypersurfaces which are mu-
tually transversal. By Propositions 4 and 5:
(l) The inverse-image of a set of type τ (with irreducible components N1, ..., Nr if
r > 0) by a blowing-up is a set of type τ (with irreducible components N¯1, ..., N¯r, S
if r > 0, where S is the exceptional set).
A set of type τ ′ is one of type τ or one-point set. Obviously, the inverse image
of a set of type τ ′ by a blowing-up is a set of type τ . Let Z ⊂ M be of type τ ′.
We say a curve Γ ⊂M is crosswise to Z (at c ∈ Z) if it is closed, Γ ∩ Z = c, Γc is
irreducible and Γ− c is smooth. In particular Γ is crosswise to c.
We say sets Ei are separated by a set F if Ei\F are disjoint. This property is
preserved by the operation of taking inverse images.
(2) Let pi : M¯ → M be a blowing-up at a ∈ Z, Z of type τ ′. Then: Γ is
crosswise to Z implies Γ¯ is crosswise to pi−1(Z), and pi−1(Γ∪Z) = Γ¯∪ pi−1(Z) (by
Propositions 6 and 4). If Γ is smooth, crosswise to Z and transversal to Z (in case
Z is not one-point set) then Γ¯ is smooth, crosswise and transversal to pi−1(Z) (by
Propositions 5 and 4). If Γi are crosswise to Z then: Γi are separated by Z implies
Γ¯i are separated by pi−1(Z). If Γi are disjoint then Γ¯i are disjoint.
A multiple blowing-up over E ⊂ M is a composition of blowings-up pi = pi1 ◦
... ◦ pir : M¯ →M, where
Er−1 E1 E0 = E
M¯ = Mr
pir→
∩
Mr−1 → ...→
∩
M1
pi1→
∩
M0 = M
pii : Mi → Mi−1 is the blowing-up at a point of Ei−1, i = 1, ..., r, and Ei =
pi−1i (Ei−1), i = 1, ..., r − 1. Then pi is also a multiple blowing-up over F ⊃ E . If E
is analytic and nowhere dense then pi is a modification in E. Obviously:
(3) If pi : M¯ → M is a multiple blowing-up over E and p¯i : M˚ → M¯ – over
pi−1(E) then pi ◦ p¯i : M˚ →M is a multiple blowing-up over E.
(4) If M is open in a manifold N and pi : M¯ →M is a multiple blowing-up over
E ⊂ M then pi = piM1 , where pi1 : N¯ → N is a multiple blowing-up over E, M¯ is
open in N¯ (by Proposition 1 and Remark 1).
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(5) The inverse image of a set of type τ ′ by a multiple blowing-up is a set of
type τ .
(6) Let pi : M¯ → M be a multiple blowing-up over a set Z of type τ ′. If Γ
is crosswise to Z then consecutively using the operation of taking proper inverse
images by pi1, ..., pir we obtain, according to (2), a curve Γ¯ ⊂ M¯ which is crosswise
to pi−1(Z). It is called the proper inverse image of the curve Γ by the multiple
blowing-up pi, and then pi−1(Γ∪Z) = Γ¯∪pi−1(Z) (hence Γ¯ = pi−1(Γ)\pi−1(Z)). By
(2):
(a) Γ smooth, crosswise to Z and transversal to Z (in case Z is not a
one-point set) implies Γ¯ is smooth, crosswise and transversal to pi−1(Z). If Γi are
crosswise to Z then:
(b) Γi separated by Z implies Γ¯i separated by pi−1(Z),
(c) Γi disjoint implies Γ¯i disjoint. Moreover:
(d) If Γ is crosswise to Z and Γ˚ is the proper inverse image of Γ¯ by a multiple
blowing-up p¯i : M˚ → M¯ over pi−1(Z) then Γ˚ is the proper inverse image of Γ by
pi ◦ p¯i.
(7) Let Γ be crosswise to a. By the first implication in (2) we recursively define
a sequence of blowings-up ... → Mi pii→ Mi−1 → ... → M1 pi1→ M and a sequence of
triplets ai ∈ Γi ⊂Mi, where Γi is crosswise to ai, where a0 = a, Γ0 = Γ, M0 = M ,
in such a way that: pii is the blowing-up at ai−1, Γi is the proper inverse image of
Γi−1 and {ai} = Γi ∩ pi−1i (ai−1). Then pi(k) = pi1 ◦ ... ◦ pik : Mk → M is a multiple
blowing-up over a by which Γk is the proper inverse image of Γ.
(A) If Γ is crosswise to a then there exists a multiple blowing-up over a such
that the proper inverse image Γ¯ is smooth.
In fact, let us take a sequence of blowings-up as in (7) for Γ. We will show that
for some i the proper inverse image Γi of Γ by pi(i) belongs to C1(ai), and so it is
smooth. Namely Γ = Γ0 belongs to some Cr(a0) (see Section 6). By Proposition
6, if Γυ ∈ Cp,q(aυ), p > 1, then Γυ+1 belongs to Cp,q−p(aυ+1) if q > 2p, and to
Cq−p(aυ+1) if q < 2p (and then q − p < p). So, if Γi ∈ Cp(ai), p > 1, then some Γj
(j > i) belongs to Cs(aj), where s < p.
(B) If Γ,Γ′ are smooth, crosswise to a and separated by a then there exists a
multiple blowing-up over a such that proper inverse images Γ¯, Γ¯′ are disjoint.
In fact, let us consider constructions of sequences pii,Γi, ai for Γ and pi′i,Γ
′
i, a
′
i for
Γ′ described in (7). We may take the same first blowing-up pi1 = pi′1 at a0 = a
′
0 = a,
and (by the assumption) the curves Γ0,Γ′0 3 a0 are separated by a0; let p be their
order of tangency. Let us consider the following condition:
(σk) for i ¬ k we can take the same blowings-up pii = pi′i at ai−1 = a′i−1 and
Γi−1,Γ′i−1 are separated by ai−1 and tangent at ai−1 of order p− i+ 1.
By the above (σ1) holds. Suppose (σk) holds for k < p; then (σk+1) holds; in
fact, Γk−1,Γ′k−1 are tangent at ak−1 of order p− k + 1, so by Proposition 7 there
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is ak = a′k, and taking the same blowing-up pik+1 = pi
′
k+1 at ak we have Γk,Γ
′
k are
tangent of order p − k at ak, crosswise to pi−1k (ak−1) and separated by pi−1k (ak−1)
(see (2)), and so separated by ak. In consequence (σp) holds, that is we may have
pii = pi′i for i ¬ p and curves Γp−1,Γ′p−1 are separated by ap−1 and tangent of order
1 at ap−1. Hence by Proposition 7 the curves Γp,Γ′p have different points ap, a
′
p in
pi−1p (ap−1), but (see (2)) they are separated by pi
−1
p (ap−1) and so they are disjoint.
Hence pi(p) is a required multiple blowing-up over a.
(C) If Γ is smooth and crosswise at a to Z of type τ ′ then there exists a multiple
blowing-up pi over a such that the proper inverse image Γ¯ of Γ intersect transversally
pi−1(Z).
In fact, let us take a sequence of blowings-up as in (7) for Γ (treated as crosswise
to a). Then Γk are smooth and transversal to pi−1k (ak−1) (Proposition 4). The
sets Zk = pi−1(k)(Z) are of type τ . Since (see (6)) Γk is crosswise to Zk 3 ak then
Zk ∩ Γk = {ak}. Let N1, ..., Nr be irreducible components of Zk and consider the
following condition
(τp) Ni 3 ak =⇒ Γk is tangent of order ¬ p at ak to Ni,
and notice that if Ni 63 ak then Γk ∩ Ni = ∅. By (1) the irreducible components
of Zk+1 are proper inverse images by pik+1 : N¯1, ..., N¯r and pi−1k+1(ak) (the latter
is transversal to Γk+1 at ak+1). Hence, by Proposition 8, if Γk is tangent at ak of
order q to Ni 3 ak then Γk+1 is tangent at ak+1 of order q − 1 to N¯i 3 ak+1 when
q > 1, and N¯i 63 ak+1 when q = 1. So, if (τp), p > 1, holds for k, then (τp−1) holds
for k + 1. Hence for some k the condition (τ1) holds, and then Γk+1 is disjoint
with N¯1, ..., N¯r and transversal to pi−1k+1(ak) i.e. intersect transversally Zk+1. Then
pi(k+1) is a required multiple blowing-up over a.
(8) If Γ is crosswise at a to Z of type τ ′ then there exists a multiple blowing-up
pi over a such that proper inverse image Γ¯ of Γ is smooth, crosswise and transversal
to pi−1(Z).
In fact, by (A) there exists a multiple blowing-up pi1 : M1 →M over a such that
the proper inverse image Γ¯ ⊂ M1 is smooth; by (6) it is crosswise to pi−1(Z) of
type τ (see (5)) at c ∈ pi−11 (Γ)∩pi−11 (Z) = pi−11 (a), so by (C) there exists a multiple
blowing-up pi2 : M2 → M1 over c such that the proper inverse image Γ˚ ⊂ M2
of the curve Γ¯ is smooth, transversal and croosswise (by (6) and c ∈ pi−11 (Z)) to
pi−12 (pi
−1
1 (Z)) = pi
−1(Z), where pi = pi1 ◦ pi2 : M2 → M is a multiple blowing-up
over a (by (3) and c ∈ pi−1(a)), which satisfies the assertion (by (6) (d)).
Proposition 9. If Γ1, ...,Γr are crosswise to a and separated by a then there exist
a multiple blowing-up pi over a such that the proper inverse images Γ¯1, ..., Γ¯r are
smooth, disjoint, and crosswise and transversal to pi−1(a).
Dowód. For the case r = 1 it is precisely (8) taking Z = {a}. Assume the proposi-
tion is true for r − 1, (r > 1); so there exists a multiple blowing-up pi1 : M1 → M
over a such that, if Γ¯i ⊂ M1 are proper inverse images of Γi then Γ¯1, ..., Γ¯r−1
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are smooth, disjoint, and crosswise and transversal to Z1 = pi−11 (a) of type τ (see
(5)). Then (see (6)) Γ¯r is crosswise to Z1 and we have Γ¯r ∩ Z1 = {a1}. By (8)
there exists a multiple blowing-up pi2 : M2 → M1 over a1 such that if Γ˚i ⊂ M2
are proper inverse images of Γ¯i then Γ˚r is smooth, crosswise and transversal to
Z2 = pi−12 (Z1) = pi
−1
0 (a), where pi0 = pi1 ◦ pi2 : M2 →M is the multiple blowing-up
over a (see (3)). Then Γ˚1, ..., Γ˚r−1 are smooth, disjoint, and crosswise and trans-
versal to Z2 (see (6) (a) and (c)); moreover (see (6) (d)) the curves Γ˚i are proper
inverse images of Γi by pi0 and so they are separated by Z2 (see (6) (b)). If they are
disjoint, pi0 satisfies the condition of the proposition. In the remaining cases is for
example Γ˚r ∩ Γ˚1 = {a2}, a2 ∈ Z2, and then Γ˚r is disjoint with Γ˚2, ..., Γ˚r−1, that is
Γ˚2, ..., Γ˚r are disjoint. By (B) there exists a multiple blowing-up pi3 : M3 →M2 over
a2 such that if Γ′i ⊂M3 are proper inverse images of Γ˚i then Γ′r and Γ′1 are disjoint.
But (see (6) (a)) Γ′i are smooth, crosswise and transversal to pi
−1
3 (Z2) = pi
−1(a),
where pi = pi0 ◦pi3 : M3 →M is a multiple blowing-up over a (see (3)), under which
Γ′i are proper inverse images of Γi (see (6) (d)); moreover (see (6) (c)) Γ
′
1, ...,Γ
′
r−1
and Γ′2, ...,Γ
′
r are disjoint and so Γ
′
i are disjoint. Then pi satisfies the condition of
the proposition. 
Proposition 10. If Γ ⊂ M is a closed curve and the set of its singular points
Γ∗ is finite then there exists a multiple blowing-up pi over Γ∗ such that pi−1(Γ) =
Λ ∪ Z, where Z = pi−1(Γ∗) is of type τ , and Λ a smooth, closed curve which
intersects transversally Z. In other words: pi−1(Γ) = N1∪ ...∪Nr∪Λ, where Ni are
smooth, compact hypersurfaces, Λ a smooth, closed curve, N1, ..., Nr,Λ are mutually
tranversal and pi−1(Γ∗) = N1 ∪ ... ∪Nr.
Dowód. Let Γ∗ = {a1, ..., ak} and assume the proposition is true for k − 1 pro-
vided k > 1. There exists an open neighbourhood U of the point ak such that
a1, ..., ak−1 /∈ U and Γ ∩ U = Γ1 ∪ ... ∪ Γr, where Γi are closed curves in U ,
crosswise to ak and separated by ak. By Proposition 9 there exists a multiple
blowing-up pi1 : M1 → M over ak such that the proper inverse images Γ¯i of the
curves Γi by the multiple blowing-up piU1 are closed in U1 = pi
−1
1 (U), smooth, di-
sjoint and transversal to Z1 = pi−11 (ak) and (by (6)) pi
−1(Γi) = Γ¯i ∪ Z1. Then
Γ¯0 =
⋃
Γ¯i is a closed curve in U1, smooth and intersect transversally Z1, and
pi−11 (Γ∩U) = Γ¯0∪Z1. The curve pi−11 (Γ)\Z1 is closed in M1\Z1 and its all singular
points are bi = pi−11 (ai), i = 1, ..., k − 1. Since Γ¯0 ∩ (U1\Z1) = pi−11 (Γ ∩ U)\Z1 =
(pi−11 (Γ)\Z1) ∩ (U1\Z1) then Γ¯ = (pi−11 (Γ)\Z1) ∪ Γ¯0 is closed in M1 which in-
tersects transversally Z1 and Γ¯∗ = {b1, ..., bk−1}. It is pi−11 (Γ) = Γ¯ ∪ Z1 (since
pi−11 (Γ) = pi
−1
1 (Γ ∩ U) ∪ pi−11 (Γ\ak)). If k = 1 then pi1 satisfies the conditions of
the proposition. So, let us assume k > 1. Then (by the induction hypothesis) there
exists a multiple blowing-up pi2 : M2 → M1 over Γ¯∗ such that pi−12 (Γ¯) = Λ ∪ Z2,
where Λ ⊂ M2 is a closed, smooth, intersect transversally Z2 = pi−12 (Γ¯∗) of type
τ . Then pi = pi1 ◦ pi2 : M2 → M is a multiple blowing-up over Γ∗ (see (3)) and
pi−1(Γ) = pi−12 (Γ¯) ∪ pi−12 (Z1) = Λ ∪ Z, where Z = Z2 ∪ pi−12 (Z1) = pi−1(Γ∗). Since
Z1 ⊂ U1 is disjoint with Γ∗ then pi−12 (Z1) ⊂ pi−12 (U1) is disjoint with Z2 and piU12 is
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a biholomorphism. Then pi−12 (Γ¯∩U1) = Λ∩pi−12 (U1) intersect transversally pi−12 (Z1)
and so Λ intersect transversally pi−12 (Z1). Then Λ intersect transversally Z and pi
satisfies the conditions of the proposition. 
8. Blowing-up of submanifolds
Let M be a n-dimensional manifold and n = p + q. Let f1, ..., fq ∈ O(M)
and assume f = (f1, ..., fq) : M → Cq is a submersion. Then L = f−1(0) is a
submanifold of dimension p. The subset
Mf = {(z, λ) : f(z) ∈ λ} ⊂M × Pq−1,
that is Mf = φ−1(Πq), where φ = f × e : M × Pq−1 → Cq × Pq−1, e = idPq−1, is
also a submersion, is a closed submanifold of dimension n. The canonical projection
pif : Mf →M
is called an elementary blowing-up by functions f1, ..., fq. It is a modification in
the set L called the centre of blowing-up. It is so because pif is a proper map-
ping, (Mf )M\L = Mf\pi−1f (L) is the graph of the holomorphic mapping M\L 3
z → Cf(z) ∈ Pq−1, hence piM\Lf : Mf\pi−1f (L) → M\L is a biholomorphism, and
pi−1f (L) = L×Pq−1 is a closed, smooth hypersurface called the exceptional set of the
blowing-up. Of course piGf = pifG is an elementary blowing-up by (fi)G with centre
L ∩G.
Proposition 11. If additionally g = (g1, ..., gq) : M → Cq is a submersion and∑O(M)fi = ∑O(M)gi (i.e. fi and gj generate the same ideal in O(M); then
g−1(0) = f−1(0) = L), then the blowings-up pif and pig are isomorphic: the diagram
Mf Mg
ι
pigpif
M
 
 
 
 
 	
@
@
@
@
@R
-
is commutative, where ι is a biholomorphism.
Corollary 5. If pii : Mi → M are elementary blowings-up with the centre L then
arbitrary point a ∈ L has an open neighbourhood U in M such that piU1 ≈ piU2 .
In particular we have the elementary blowing-up of Cn by v = (zp+1, ..., zn):
Cnv = {(z, λ) ∈ Cn × Pq−1 : v ∈ λ} = Cp ×Πq
and
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piv = (idCp)× piq : Cp ×Πq → Cp × Cq.
The blowings-up piΩv , where Ω is an open neighbourhood of 0 in Cn is called
standard.
(#) Let L ⊂ M be a p-dimensional submanifold. If φ : U → Ω is a chart
at a (φ(a) = 0) such that φ(L ∩ U) = {v = 0} ∩ Ω then ψ = (φp+1, ..., φn) is a
submersion and the blowing-up piψ is isomorphic to the elementary blowing-up piΩv
Uψ (Cp × piq−1)Ω
U Ω
(φ× e)Uψ
φ
piψ pi
Ω
v
-
-
? ?
Notice that if f : M¯ → M is a modification in an analytic set Z ⊂ M and
G ⊂M is an open set then fG : f−1(G)→ G is a modification in Z ∩G.
Proposition 12. If fi : Mi →M are modifications (i = 1, 2) and M =
⋃
Gι is an
open cover then f1 ≈ f2 if and only if fGι1 ≈ fGι2 for every ι.
Corollary 6. Elementary blowings-up of a manifold with the same centre are iso-
morphic.
Proposition 13. (on gluing modifications). If M =
⋃
Mι is an open cover and
fι : M¯ι → M are modifications such that fMι∩Mkι ≈ fMι∩Mkk , then there exists a
unique (up to isomorphism) modification f : M¯ →M such that fMι ≈ fι.
—————— ∗ ——————
Let L ⊂M be a p-dimensional closed submanifold.
There exists a unique (up to an isomorphism) modification pi : M¯ → M in
L such that each point a ∈ L has an open neighbourhood Ua such that piUa is
isomorphic to an elementary blowing-up of Ua with the centre L∩Ua. We will call
it the blowing-up of the manifold M in the submanifold L (the latter is called the
centre of blowing-up).
In fact, the uniqueness follows from Proposition 12 (applied to the cover: M\L
and Ua for a ∈ L). For the existence: for every a ∈ L we take an elementary
blowing-up pia : Ma → Ua of an open neighbourhood Ua of the point a with the
centre L ∩ Ua. By Proposition 12 and Corollary 6 we have piUa∩Uba ≈ piUa∩Ubb (as
blowings-up with the common centre L ∩ Ua ∩ Ub); we take also e = idM\L;
then obviously piUa\La ≈ eUa\L. By Proposition 13, there exists a modification
pi : M¯ →M such that piUa ≈ pia.
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The subset pi−1(L) is a closed and smooth hypersurface. (There is: pi−1(V ) is
isomorphic to V ×Pq, where V are sufficently small open neighbourhoods of points
in L; moreover piL : pi−1(L)→ L is a locally trivial fibration with the fiber Pq−1).
It is called the exceptional set of the blowing-up pi.
Proposition 14. If pi : M¯ →M is a blowing-up in L and N ⊂M is a submanifold
of dimension s which intersect transversally L, then pi−1(N) is a submanifold of
dimension s which intersect transversally pi−1(L).
Dowód. Let a ∈ N ∩ L. By Proposition 3 we take a chart φ : U → Ω at a such
that φ(L ∩ U) = {v = 0} ∩ Ω and φ(N ∩ U) = {t = 0} ∩ Ω, where t = (z1, ..., zr),
r = n−s ¬ p; then L∩U = ψ−1(0), where ψ = (φp+1, ..., φn). Shrinking U we may
assume that piU is isomorphic to an elementary blowing-up pif of U , isomorphic
in turn to piψ (Proposition 11) which is isomorphic to piΩv (by (#)), that is pi
U is
isomorphic to piΩv over φ
pi−1(U) pi−1v (Ω)
U Ω
bihol.
φ
piU piΩv
-
-
? ?
Then pi−1(L∩U), pi−1(N ∩U) correspond to pi−1v ({v = 0}∩Ω), pi−1v ({t = 0}∩Ω)
by the biholomorphism pi−1(U)→ pi−1v (Ω). But pi−1v ({v = 0}) = Cp×(0×Pq−1) and
pi−1v ({t = 0}) = {u ∈ Cr : t = 0} × Πq (a submanifold of dimension s), where u =
(z1, ..., zp), intersect transversally in Cp×Πq, so the inverse images pi−1(L), pi−1(N)
in pi−1(U) (the second is a submanifold of dimension s) intersect transversally which
implies that pi−1(N) is a submanifold of dimension s and intersect transversally
pi−1(L) (because the sets of the form pi−1(U) cover pi−1(L) ∩ pi−1(N)). 
Theorem 1. If Γ ⊂M is a closed curve with Γ∗ finite then there exists a modifi-
cation pi : M¯ → M in Γ such that pi−1(Γ) is a finite union of smooth, closed and
mutually transversal hypersurfaces in M .
Dowód. Let us take a multiple blowing-up pi1 : M1 →M as in Proposition 10 and
the blowing-up pi2 : M2 →M1 of the curve Λ. Then pi = pi1 ◦pi2 : M2 →M is a mo-
dification in Γ. Submanifolds N1, ..., Nr ⊂M1 are mutually transversal in M1 and
pairs Ni, Nj (i 6= j) intersect outside Λ. Hence pi−12 (Ni) ⊂ M2 are smooth hyper-
surfaces (Proposition 14), compact, mutually transversal in M2\pi−12 (Λ) and pairs
pi−12 (Ni), pi
−1
2 (Nj), i 6= j, intersect only outside pi−12 (Λ); moreover by Proposition
14 each pi−12 (Ni) intersect transversally pi
−1(Λ). Then smooth, closed hypersur-
faces pi−12 (N1), ..., pi
−1
2 (Nr), pi
−1
2 (Λ) with the union equal to pi
−1(Γ) are mutually
transversal in M2. 
28 STANISŁAW ŁOJASIEWICZ
9. Desingularization of a coherent sheaf of ideals on a
2-dimensional manifold
Let M be a 2-dimensional manifold.
A parameter at a point a ∈ M is a germ φ ∈ ma such that daφ 6= 0. We say
φ correspond to a germ of smooth curve A if V (φ) = A; then it is a generator of
I(A) unique up to an invertible factor. We say parameters φ, ψ at a are transversal,
if V (φ), V (ψ) are transversal, which means daφ, daψ are linearly independent, or
equivalently (φ¯, ψ¯) is a chart (a system of coordinates at a) for some representatives
φ¯, ψ¯.
We say a germ f ∈ Oa is of type (NC) if f ∼ φαψβ , where φ, ψ are transversal
parameters at a. (It means that in some chart it has the form azα1 z
β
2 , a(0) 6= 0).
It holds if and only if V (f) = A ∪ B or = A or = ∅, where A,B are germs of
transversal smooth curves. Then, respectively to the above cases, f ∼ φαψβ or
f ∼ φα or f ∼ 1, where φ, ψ are parameters corresponding to A,B.
We say a function f ∈ OM is of type (NC) if its all germs fz, z ∈M are of type
(NC). Then by Proposition 10 we have
Proposition 15. If f ∈ OM and V (f)∗ is finite, then there exists a blowing-up
pi : M¯ →M over V (f)∗ such that f ◦ pi is of type (NC).
—————— * ——————
By a coherent sheaf of ideals on M we mean a family T of ideals Tz ⊂ Oz,
z ∈ M , such that each point in M has an open neighbourhood U in which T has
a finite set of generators i.e. there exist φ1, ..., φr ∈ OU such that (φ1)z, ..., (φr)z
generate Tz for every z ∈ U (T corresponds to a sheaf according to the standard
definition - obtained by the presheaf: {f ∈ OG : fz ∈ Tz for z ∈ G}G open in M ).
The set of its zeros is defined by V (T ) = {z ∈ M : Tz 6= Oz}; since V (T ) ∩ U =
{φ1 = ... = φr = 0} if φ1, . . . , φr generate T in U , then it is an analytic subset of
the manifold M .
If f : N → M is a holomorphic mapping between manifolds we define the
coherent sheaf f∗T on N (called the inverse image of the sheaf T ) by: (f∗T )ξ ⊂ Oξ
is the ideal generated by Tf(ξ) ◦ fξ that is by φ1 ◦ fξ, ..., φr ◦ fξ, provided φ1, ..., φr
generate Tf(ξ) (so, if ψi generate T in U then ψi ◦ f generate f∗T in f−1(U)). It is
obviously V (f∗T ) = f−1(V (T )). If g : L→ N is a holomorphic mapping between
manifolds then
(f ◦ g)∗T = g∗(f∗T ).
We say a sequence of germs φ1, ..., φr ∈ Oa is of type (NC) if φi ∼ φαiψβi , where
φ, ψ are transversal parameters at a. We say a sequence of functions f1, ..., fr ∈ OM
is of type (NC) if each sequence of germs (f1)z, ..., (fr)z, z ∈ M, is of type (NC).
Notice that if f1, ..., fr ∈ OM then if the sequence (f1)a, ..., (fr)a is of type (NC)
then for an open neighbourhood U of the point a the sequence (f1)U , ..., (fr)U is
of type (NC).
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We say an ideal of the ring Oa is of type (NC*), respectively (NC), if there exists
a sequence of generators of the ideal of type (NC), respectively one generator of
type (NC). We say a sheaf T is of type (NC*), respectively (NC), at a point z ∈M
if Tz is of type (NC*), respectively (NC). At last we say a sheaf T is of type (NC*),
respectively (NC) if it is of type (NC*), respectively (NC), in each point z ∈M .
By σT we will denote the set of points in which T is not of type (NC). Obviously
σT ⊂ V (T ) (in general the inclusion σT ⊂ V (T )∗ does not hold, for example the
point 0 ∈ C2 and the sheaf generated in C2 by z21 and z1z2).
Lemma 1. If φ1, ..., φr are holomorphic in an open neighbourhood U of a point
a and (φi)a 6= 0, then after shrinking U there is φi = ψαi11 ...ψαiss for some ψv ∈
O(U) such that V (ψv) are (in U) crosswise to a, separated by a and dzψv 6= 0 for
z ∈ V (ψv)\a.
Dowód. In fact, it suffices to take as ψv representatives, in a sufficiently small
neighbourhood U , of all non-associated, irreducible divisors of the germs (φi)a. 
Hence
(1) The set σT is isolated.
It suffices to take generators φi in U and ψv as above and let z ∈ U\a. If
z ∈ V (T ) then z belongs to a unique V (ψs) and then Tz = Oz(ψs)αz , where α =
min(α1s, ..., αrs).
Proposition 16. If T is a coherent sheaf of ideals in M with σT finite then there
exists a multiple blowing-up pi : M¯ →M over σT such that pi∗T is of type (NC∗).
Dowód. Let a1, ..., ak be all the points in which T is not of type (NC*) (their
number is finite because they belong to σT ). Using induction with respect to k,
by (3) in Section 7, it suffices to show that there exists a multiple blowing-up
pi : M¯ → M over ak such that pi−1(a1), ..., pi−1(ak−1) are unique points of M¯ in
which pi∗T is not of type (NC*). Really, let us take generators φ1, ..., φr of the
sheaf T in an open neighbourhood U of the point ak, and ψ1, ..., ψs ∈ O(U) as
in Lemma 1 (after shrinking U). By Proposition 9 applied to V (ψv) (and by (4)
and (6) in Section 7), there exists a multiple blowing-up pi : M¯ → M over ak and
curves L1, ..., Lq ⊂ U smooth, closed and mutually tranversal in U , such that each
V (ψv ◦ pi) = pi−1(V (ψv)) is the union of some of them. Let c ∈ pi−1(U). It suffices
to show that the sequence (ψ1 ◦ pi)c, ..., (ψs ◦ pi)c is of type (NC). If c 6∈ ∪Li then
V (ψv ◦ pi) = ∅, so (ψv ◦ pi)c ∼ 1. If c belongs to a unique Li then V (ψv ◦ pi) = ∅
or = (Li)c, so (ψv ◦ pi)c ∼ φαv , where φ is a parameter corresponding to Lc. If
at last c ∈ Li ∩ Lj , i 6= j, then V (ψv ◦ pi) = ∅ or = (Li)c or = (Li)c ∪ (Lj)c, so
(ψv ◦ pi)c ∼ φαvψβv , where ψ, φ are parameters corresponding to (Li)c, (Lj)c. 
Let pi : M¯ → M be a blowing-up at a. Let σξ be a parameter corresponding to
Sξ for ξ ∈ S.
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Let φ be a parameter at a. The inverse image Γ¯ of a representative of V (φ)
intersects S precisely in one point aφ, and the parameter φ¯ at aφ corresponding to
Γ¯aφ is tranversal to σaφ (see Proposition 4); notice that if parameters φ, ψ at a are
transversal then aφ 6= aψ. It is
φ ◦ piξ ∼
{
σξ for ξ ∈ S\aφ,
φσξ for ξ = aφ.
In fact, it suffices to consider the canonical blowing-up p and φ = (z1)0. Then
φ◦(p◦χ1)u = (z1)u for u ∈ {z1 = 0} and φ◦(p◦χ2)v = (z2w1)v for v ∈ {z2 = 0}, and
aφ = χ2(0) and φ¯ ◦ χ2 = (w1)0 (because χ−12 (p−1(V (z1))) = {z2 = 0} ∪ {w1 = 0}).
It implies that if f ∼ φαψβ , where φ, ψ are transversal parameters at a, then,
putting c = aφ, d = aψ,
(#) f ◦ piξ ∼

σα+βξ if ξ ∈ S\(aφ, aψ),
φ¯ασα+βξ if ξ = aφ,
ψ¯βσα+βξ if ξ = aψ.
A pair f, g ∈ Oa of type (NC): f ∼ φαψβ , g ∼ φα′ψβ′ , φ, ψ transversal parame-
ters at a, is called unessential, if (α′ − α)(β′ − β) ­ 0; then f is a divisor of g or g
is a divisor of f . If (α′ − α)(β′ − β) < 0 then we call the pair f, g essential of type
(p, q), where p = min(|α′ − α|, |β′ − β|), q = max(|α′ − α|, |β′ − β|).
(2) Let f, g ∈ Oa be a pair of type (NC). Then
(a) All the pairs Pξ = (f ◦ piξ, g ◦ piξ), ξ ∈ S, are of type (NC).
(b) If the pair f, g is unessential then all the pairs Pξ, ξ ∈ S, are unessential.
(c) If the pair f, g is essential of type (p, p), then all the pairs Pξ, ξ ∈ S, are
unessential.
(d) If the pair f, g is essential of type (p, q), p < q, then there exists c ∈ S
such that all the pairs Pξ, ξ ∈ S\c, are unessential, and the pair Pc is essential of
type (p, q − p) or (q − p, p) depending on whether q ­ 2p or q ¬ 2p.
Dowód. (a) and (b) are obvious by (#). The case (c) follows (by (#)) from the
fact that then α + β = α′ + β′. Let us pass to the proof of (d). We may assume
(changing f and g if necessary) that α+β < α′+β′. If α < α′ then β > β′ and Paφ
is unessential; then p = β− β′, q = α′−α, q− p = (α′+ β′)− (α+ β) and the pair
Paψ is essential of type – as in (d). If α > α
′ then β < β′, so Paψ is unessential:
then p = α−α′, q = β′−β, q−p = (α′+β′)− (α+β) and the pair Paφ is essential
of type – as in (d). 
Let f, g ∈ OM be a pair of type (NC). We say it is unessential at a point z ∈M ,
respectively, essential of type (p, q), if the pair of germs fz, gz is such a pair. Let us
notice that each point has a neighbourhood U such that the pair f, g is unessential
at each point z ∈ U\a. From (2) it follows:
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(3) Let f, g ∈ OM be a pair of type (NC). Then the pair f ◦pi, g◦pi is also of type
(NC). If the pair f, g is unessential in M then the pair f ◦ pi, g ◦ pi is unessential in
M¯ . Assume that the pair f, g is unessential at all the points of M\a and essential
of type (p, q) at a. If p = q then f ◦ pi, g ◦ pi is unessential at all the points of M¯ ; if
p < q then there exists c ∈ M¯ such that f ◦ pi, g ◦ pi is unessential at all the points
M¯\c and essential at c, of type (p, q− p) or (q− p, p) depending on whether q ­ 2p
or q ¬ 2p.
(4) If the pair f, g ∈ OM of type (NC) is unessential at all the points of M\a
then there exists a multiple blowing-up pi : M¯ →M over a such that the pair f ◦pi,
g ◦ pi (also of type (NC) by (3)) is unessential at all the points of M¯ .
In fact, if the pair f, g is essential at a, we may define (by (3)) a sequence
M¯ = Mr
pir→ ... pi1→ M0 = M , where pii : Mi → Mi−1 is the blowing-up at ai−1
(i = 1, ..., r), a0 = a, and ai ∈ pi−1i (ai−1) is the unique point of Mi in which the
pair f ◦ pi1 ◦ ... ◦ pii, g ◦ pi1 ◦ ... ◦ pii is essential (i = 1, ..., r − 1), and in particular
of type (p, p) if i = r − 1 (because if 0 < p ¬ q and the sequence (pi, qi) ∈ N2 is
defined by (p0, q0) = (p, q) and
(pi, qi) =
{
(pi−1, qi−1 − pi−1), if qi−1 ­ 2pi−1,
(qi−1 − pi−1, pi−1), if qi−1 ¬ 2pi−1,
then there must be pr−1 = qr−1 for some r).
Let pi : M¯ →M be a multiple blowing-up. From (#) it follows:
(5) If ξ ∈ M¯ and the sequence f1, ..., fr ∈ Opi(ξ) is of type (NC) then also the
sequence f1 ◦ piξ, ..., fr ◦ piξ ∈ Oξ.
For it suffices to check it for a blowing-up. Hence (taking r = 1):
(6) If T is a coherent sheaf of ideals then σ(pi∗T ) ⊂ pi−1(σT ). Hence (by (1)), if
σT is finite then also the set σ(pi∗T ) is finite.
(For if φ is a generator of type (NC) of the ideal Tpi(ξ) then φ ◦ piξ is a generator
of type (NC) of the ideal (pi∗T )ξ).
Theorem 2 (Hironaka Theorem on 2-dimensional manifold). If T is a coherent
sheaf of ideals on M for which σT is finite, then there exists a multiple blowing-up
pi : M¯ →M over σT such that pi∗T is of type (NC).
Dowód. By Proposition 12 (and by (3) in Section 7 and (6)) we may assume that
T is of type (NC*).
Let us introduce the following definitions: An ideal I ⊂ Oz is of type (n), where
n ­ 1, if I has a sequence at most n generators of type (NC). A sheaf T on M is
of type (n) if σT is finite and each Tz, z ∈ M , is of type (n). Then (by (5) and
(6)) for every multiple blowing-up pi : M¯ → M the sheaf pi∗T is also of type (n).
A sheaf T of type (n) is of type (n, r), where r ­ 0, if, with exception of r points,
each Tz is of type (n − 1). Each sheaf T of type (n) is (because σT is finite) of
type (n, r) for some r ­ 0. A sheaf of type (n, 0) is of type (n − 1) and a sheaf of
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type (1) is of type (NC). Since T is of some type (n) (because σT is finite) then
it suffices (by (3) in Section 7 and (6)) to prove that if T is of type (n, r), n ­ 2,
r ­ 1, then there exists a multiple blowing-up pi : M¯ →M over σT such that pi∗T
is of type (n, r − 1).
So, let T be of type (n, r), n ­ 2, r ­ 1. Then there exist points a1, ..., ar ∈ M
such that Tai are of type (n), and for z 6= a1, ..., ar the ideals Tz are of type (n−1).
There exists a sequence f1, ..., fn ∈ OU of type (NC) of generators of T in an open
neighbourhood U of the point ar, and (shrinking U) we may additionally assume
that the pair f1, f2 is unessential at each points of the set U\ar. By (5) (and by
(4) in Section 7) there exists a multiple blowing-up pi : M¯ →M over ar such that
the pair f1 ◦ pi, f2 ◦ pi ∈ Opi−1(U) is unessential at all the points of the set pi−1(U).
Then, if ξ ∈ pi−1(U) then in the sequence (fi ◦pi)ξ of generators of the ideal (pi∗T )ξ
we may omit one of the generators (f1 ◦ pi)ξ, (f2 ◦ pi)ξ, that is (pi∗T )ξ, ξ ∈ pi−1(U),
are of type (n − 1). Since for ξ ∈ M¯\pi−1(ar) different of pi−1(a1), ..., pi−1(ar−1),
the ideals (pi∗T )ξ are obviously of type (n− 1) then pi∗T is of type (n, r − 1). 
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